Consider the following nonlocal integrodifferential system:
Introduction
Recently, fractional Sobolev spaces and the corresponding nonlocal equations are applied to many subjects, such as, anomalous diffusion, elliptic problems with measure data, gradient potential theory, minimal surfaces, nonuniformly elliptic problems, optimization, phase transitions, quasigeostrophic flows, singular set of minima of variational functionals, and water waves (see [1] and the references therein). For more details, please refer the book [2] . In [3] , the authors considered the following equation:
where L is a general nonlocal integrodifferential operator of order which will be defined later and is a lower order perturbation of the critical power | | 2 * −2 , and, under proper conditions, an existence result of its solutions was obtained.
In present paper, we use some ideas and techniques in [3] [4] [5] to extend the results in [3] to the system case.
Consider the following nonlocal integrodifferential system:
where 1 , 2 , 1 , 2 > 0, 2 * fl 2 /( −2 ) is a fractional Sobolev critical exponent, 0 < < 1, > 2 , ( , , V) is a lower order perturbation of the critical coupling term, Ω is an open bounded domain in R with Lipschitz boundary, and L is a general nonlocal integrodifferential operator defined as
Here, : R \ {0} → (0, +∞) is a function satisfying
(− ) = ( ) for any ∈ R \ {0} .
It follows from (10) that there exists ( ) = ( ( )) > 0 satisfying, for a.e. ∈ Ω and for any ( , ) ∈ R × R with |( , )| ≤ ,
Combining (21) and (22), we see that (19) holds. By (11), for any > 0, there exists = ( ) > 0 such that, for a.e. ∈ Ω and for any ( , ) ∈ R 2 with |( , )| < ,
It is easy to see from (19) that
Therefore, there exists ( ) = ( ( )) > 0 satisfying, for a.e. ∈ Ω and for any ( , ) ∈ R 2 with |( , )| ≥ ,
Then, (20) follows from (23) and (25). Proof. For ( , V) ∈ D (Ω) and any > 0, by (20), Lemma 2, (R ) → 2 * (R ), and (5), we deduce that
where and are suitable positive constants.
which proves (i).
For > 0, by (29), we have
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which implies that ( , V) → −∞ as → +∞. Then, (ii) follows by taking = ( 1 , 2 ) = ( , V) with sufficiently large.
In particular, if (17) holds, then we may fix ( , V) by
where
with = 0 ( 0 , V 0 ) given in Lemma 4. It is standard to see that
where B = inf ( ,V)∈D (Ω)\{(0,0)} sup >0 ( , V) and is given in (14).
, where is given in Lemma 4 and , 1 , 2 is defined in (15). . Therefore,
which implies that ≥ . Recalling that = 0 ( 0 , V 0 ) and the special pass [0, 1] ∋ → 0 ( 0 , V 0 ) belongs to Γ, by (17), we deduce that
Proof. From
and
it can be seen that
for some suitable positive constant . For ∈ ( ), it follows from Lemma 2 and (5) that
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where ( ) is a positive constant relevant to and Ω.
Choosing small enough such that ( / ) min{ 1 , 2 } − > 0, then (38) and (40) yield that
Letting = 1 in (40) and noting 0 < 1 , 2 < (Ω), by (41), we infer that
for suitable constants 1 and 2 , which implies that
Proof of Theorem 1. It follows from ( , 0, 0) = 0 that (0, 0) = 0 < , where is given in Lemma 4. By Lemma 4, we see that has a Mountain Pass Structure (e.g., [7] ). By (33) as well as Lemma 5 and Theorem 2.2 in [8] , there is ( ) sequence {( , V )} for . By Lemma 6, we get that {( , V )} is bounded in D (Ω), and then, going if necessary to a subsequence, still denoted by {( , V )}, there exists 
Then, it is standard to see that
up to a subsequence, where ∈ [1, 2 * ). By (19), (44), and the boundedness of Ω, we see that
Since ( , , V) is superlinear with respect to and V, we get that the mappings → ( , , V) and → V ( , , ) are continuous in R. Therefore,
a.e. in Ω.
Then, by (46) and (47), we have 
and then, in particular,
For any ( , ) ∈ D (Ω), we have
Then, it follows from (43), (45), and (50) that
which means that ( ∞ , V ∞ ) is solution of (2) . It remains to show that ( ∞ , V ∞ ) is nontrivial. Suppose by contradiction that ( ∞ , V ∞ ) = (0, 0) in Ω. Then, by (19) and boundedness of { } and {V } in 2 * (Ω), we have
and similarly
Noting that → 0, V → 0 in (Ω) for any ∈ [1, 2 * ) and letting → ∞, we get that 
